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OVERVIEW
Motivated by bipedal walking on a moving platform, this work studies the disturbance rejection problem of a hybrid linear 

system subjected to sinusoidal disturbances with unknown frequencies. We propose an adaptive output feedback 

controller that can learn the correct controller parameters online through a modified recursive least-squares adaptive law 

to reject the disturbance. Simulation and experimental results show that with the proposed adaptive controller, the center 

of mass tracking error of a bipedal robot walking on a moving platform with unknown motion is reduced.

Problem Formulation
Consider the hybrid dynamical system
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where 𝑡𝑘+1 − 𝑡𝑘 = 𝑇 for all 𝑘 ∈ ℕ, the plant is stable, the

disturbance may be modeled as a linear combination of

𝑛𝜔 > 0 sinusoidal components with phase jumps across the

discrete events, i.e.,
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where, for 𝑖 = 1,2, … , 𝑛𝜔, 𝜔𝑖 > 0 are the distinct disturbance

frequencies, and 𝜑𝑖 ∈ ℝ are the phase jumps across the

discrete events.

Assuming 𝐴𝑐 , 𝐴𝑑 , 𝐵𝑐 , 𝐵𝑑 , 𝐶, 𝑇 are known and 𝑆𝑐 , 𝑆𝑑 , 𝑃𝑐 , 𝑃𝑑 , 𝑄

are unknown, the control objective is to design a controller

which generates the control input 𝑢𝑐 𝑡 and 𝑢𝑑 𝑡𝑘
− such

that the measured output 𝑦 → 0 as 𝑡 → ∞

(left) Bipedal robot walking on a moving ground, e.g., a 

swaying treadmill. (mid) A linear inverted pendulum model 

on a moving platform is used to capture the overall dynamic 

behavior of the robot. (right) Illustration of the hybrid nature 

of locomotion when taking a step. Theorem 1 (Hybrid Regulator Equations): For any 𝑃𝑐 , 𝑃𝑑 and

𝑄, there exists a control input 𝑢𝑐 = Ψ𝑐𝑤, 𝑢𝑑 = Ψ𝑑𝑤 such that

the measured output 𝑦 → 0 as 𝑡 → ∞ if and only if there

exists a solution (Π𝑐 , Ψ𝑐 , Ψ𝑑) to the Hybrid Regulator

Equations:
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Observer predicts the behavior of the plant without the effect

of disturbance
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Continuous compensator produces the continuous control

input 𝑢𝑐 𝑡 from the signal 𝑑 𝑡 by
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Theorem 2 (Performance of the controller): Assume there

exists a solution to the Hybrid Regulator Equations. There

exists compensator parameters (𝐺𝑗 , 𝐺𝑐 , 𝐺𝑡) such that the

steady-state output of the controller is 𝑢𝑐 𝑡 = Ψ𝑐𝑤(𝑡) and

𝑢𝑑 𝑡𝑘
− = Ψ𝑑𝑤 𝑡𝑘

− and the steady-state measured output is

𝑦 𝑡 = 0 if 𝑛𝑗 ≥ 𝑛𝑤 , 𝑛𝑐 ≥ 𝑛𝑥 + 𝑛𝑤 , 𝑛𝑡 ≥ 𝑛𝑤and the pairs

𝑆𝑑 exp 𝑆𝑐𝑇 , 𝑄𝑒 and (diag 𝐴𝑐 , 𝑆𝑐 , 𝐶 𝑄0 ) are

observable.

Theorem 3: Then all signals in the closed-loop system are

uniformly bounded and the measured output converges to

zero lim
𝑡→∞

𝑦 𝑡 = 0, with no knowledge of the disturbance.
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Motivation

The error system is hybrid and affected by unknown time-

varying disturbance.
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Step 3: Online parameter estimation
The observer-compensator subsystem:
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Lemma 1 (Hybrid Swapping Lemma): the trajectory of ො𝑦 is
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The Hybrid Swapping Lemma yields the construction of a

linear parameter estimation equation:
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Using modified recursive least-squares adaptive law with

normalized estimation error, the parameter can be updated.
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The hybrid adaptive controller is integrated into a hierar-

chical locomotion control framework for a bipedal robot.
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Sim-to-Real results

Given the hybrid property of the error system, the proposed 

controller can reject the disturbance.
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The system of CoM tracking error 𝜀:
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